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Creep mechanisms in uniaxially compressed 3D granular solids comprised of faceted frictionless
grains are studied numerically using a constant pressure and constant stress simulation method.
Rapid uniaxial compression followed by slow dilation is predicted on the basis of a logarithmic creep
phenomenon. Micromechanical analysis indicates the existence of a correlation between granular
creep and grain-scale deformations. Localized regions of large strain appear during creep and grow in
magnitude and size with time. Furthermore, the accumulation of non-affine granular displacements
increases linearly with local strain, thereby providing insights into the origins of plastic dissipation
during stress-driven creep evolution. The prediction of slow logarithmic dynamics in the absence of
friction indicates a universality in the role of plastic dissipation during the creep of granular solids.
Long-time evolution of granular materials under ex-
ternal stress is of significant importance in many natu-
ral and artificial processes. Time-dependent aging and
creep in soils [1] and concrete [2] under uniaxial stress
are critically associated with the structural stability of
man-made and natural geological constructs. The ar-
rest (jamming) of dry cohesionless granular materials
upon densification [3, 4] and/or the application of ex-
ternal stress [5, 6] has been numerically and experimen-
tally investigated. Concomitantly, external stress can
also initiate the yielding (unjamming) of granular pack-
ings [7]. Critical state theories in soil mechanics [8] have
proposed rate-independent, Mohr-Coulomb-type friction
laws to describe the yielding of granular solids, and more
recently, rate-dependent constitutive laws [9] have impro-
vised a description of dense granular flows above yield
stress. However, a detailed description of the internal
dynamics in granular materials below the yield stress is
lacking [10].
Diverse experiments at various length scales—from
colloidal [11] to bio-cellular [12] to geological [13]—on
kinematically constrained, glassy materials have demon-
strated aging and creep relaxation at stresses below their
yield strength. Experiments on granular samples have
demonstrated slow aging with time and creep when sub-
jected to a constant external stress [14, 15] or a quasistat-
ically increasing stress in stick-slip shearing experiments
[16, 17]. Logarithmically slow densification has also been
observed in various experiments on compaction in con-
fined granular systems [18–20].
Several explanations and models have been proposed
for mechanically induced aging behavior in granular sys-
tems. Hartley and Behringer [16] suggested that collec-
tive irreversible granular rearrangements are responsible
for slow dynamics. The emergence of such collective ir-
reversibility in amorphous materials is often explained
through long-ranged elastic coupling of localized plastic
events [21, 22]. Macroscopically, this complex spatio-
temporal phenomenon is often condensed into a dynam-
ical internal state variable called fluidity [23], based on
the theoretical formulations of soft glassy rheology [24].
On the other hand, other explanations attribute slowly
evolving dynamics to the gradual strengthening (or ag-
ing) of the individual solid-friction contacts with a slow
increase in the local coefficient of friction [25].
In this letter, we simulate the temporal evolution of
the micromechanics of granular packings comprised of
faceted grains that are confined at a constant pres-
sure and subjected to a constant uniaxial compressive
stress below the yield limit. The simulations reveal log-
arithmically slow creep after initial exponentially rapid
dynamics. The influence of structural transformations
on creep rheology is assessed by decomposing the lo-
cal grain-scale motions into elastic and plastic contri-
butions. Initial exponential dynamics are governed by
elastic deformations, and plastic transformations dom-
inate granular motion as the system transitions into a
slow creep. The accumulated local plasticity in stressed
granular packings—characterized by non-affine granular
motions—is observed to be strongly correlated with a
slow creep at the macroscale. We hypothesize that the
concert of collective granular dynamics arising from a
complex interplay of local elastic and plastic deforma-
tions is the source of slow creep dynamics and it is a
hallmark of the general class of amorphous solids.
Simulation Details. Initially, elastic and frictionless
grains were jammed under a hydrostatic pressure P
through a recently introduced enthalpy-based, variable-
cell jamming simulation method [26]. The system
is three-dimensional and contains 4096 monodisperse,
octahedral-shaped grains, as shown in the inset of
Fig. 1(a). A very small ratio of the hydrostatic pres-
sure and the material elastic modulus of the grains is
prescribed here to represent the limit of hard granular
systems [7]. Repulsive pair potentials describe the elas-
tic force Fe and moment Me between contacting grains
(for details on force and moment calculations, see [27]).
To investigate the creep phenomenon in jammed gran-
ular systems under a constant external uniaxial stress
σext, we introduce dynamics into the motion of grains
2and the periodic cell. The magnitude of the xx compo-
nent of the stress tensor is σext and the other components
are zero. The geometry of the periodic cell is described
by a metric tensor g = hTh, where h is a matrix whose
columns are the Bravais lattice vectors of the periodic
cell. Translational motion of a grain i is described in
lattice coordinates si = h
−1ri instead of Cartesian co-
ordinates ri, and the rotation ωi is described relative
to its center of mass. Dissipation during granular mo-
tion is modeled using a mean-field dissipation model [28]
described in detail in the accompanying supplementary
material [29].
Under low external stresses, the creep progresses at
low strain rates, and the inertial effects of granular and
periodic cell motion are assumed to be negligible in com-
parison to elastic interactions and dissipation. The equa-
tions of motion of grain displacement, grain rotation and
periodic cell deformation are derived from a Lagrangian
formulation [29]. The equations of non-affine displace-
ment and rotation of a grain i are given as:
Dg s˙i = F˜
e
i and Dgω˙i = M
e
i , (1)
where F˜ei is the elastic force in lattice coordinates [30],
M
e
i is the net moment on grain i due to all the contacting
grains, and Dg is the dissipation constant for granular
motion. The equation of motion of the periodic cell in
the limit of negligible inertia is defined as:
Dcg˙ + (σ˜app − σ˜int) = 0. (2)
Here, σ˜int is the internal stress tensor [26] in lattice coor-
dinates and σapp = σext + P I is the total applied stress,
where I is the identity matrix. The applied stress tensor
in lattice coordinates is denoted by σ˜app [29]. The dis-
sipation constant for periodic cell motion is denoted by
Dc.
The equations of motion, Eqs. (1) and (2), were inte-
grated using the Heuns second order predictor-corrector
method. The units of time were chosen such that all
dissipation constants are unity. All displacements and
volumes are scaled by grain size and volume respectively,
and the stresses are scaled by the material elastic modu-
lus of the grains.
Macroscopic Evolution. Uniaxial compressive stress
was applied to the granular packing of 4096 octahedral
grains jammed at pressure P = 10−4 and the macro-
scopic strain tensor ǫ was calculated from the deforma-
tion of the periodic cell boundaries [26]. We restrict our
analysis to the first and second invariants of the tensor:
volumetric strain ǫv =
1
3
∑
k ǫkk and deviatoric (shear)
strain γ =
√
3
2
∑
i,j (ǫij − ǫvδij), where δij is the Kro-
necker delta tensor. The evolution of deviatoric strain
with time is well described by two-stage dynamics repre-
sented phenomenologically by:
γ(t) = γ0
(
1− e−t/τ1
)
+ γ1log
(
t
τ2
+ 1
)
, (3)
(a)
(b)
FIG. 1. (a) Evolution of deviatoric strain γ(t) for four differ-
ent uniaxial compressive stresses. The solid black curves rep-
resent fits to Eq. (3) [inset: a selected realization of jammed
octahedral grains. Dark lines indicate periodic-cell bound-
aries]. (b) Volumetric strain evolution ǫv(t) for four differ-
ent uniaxial compressive stresses σext (see legend in (b) for
color codes; arrow represents increasing stress) [inset: evolu-
tion of compressive strain ǫxx along the axial direction and
tensile strain (ǫyy + ǫzz) along the transverse direction of the
periodic cell boundaries relative to the direction of applied
external stress].
where τ1 is a viscoelastic time constant, and τ2 sets the
timescale for slow dynamics. Fig. 1(a) displays the evo-
lution of deviatoric strain with time (normalized by the
fast dynamics time constant τ1) at four different com-
pressive stresses and the same jamming pressure. Black
lines indicate best fits to Eq. 3, and good agreement is
observed at both long and short times. The first term of
Eq. 3 denotes an initial Kelvin viscoelasticity in which γ0
is the total elastic strain that is delayed by a viscous time
constant τ1 [31]. The second term corresponds to a log-
arithmic creep that is caused by long-term structural re-
arrangements and this phenomenon has been previously
observed in colloidal glasses [32] and dense granular ma-
terials [14, 15]. Such distinct relaxation regimes corre-
sponding to fast and slow dynamics has been previously
reported in experiments on granular compaction [18, 20].
The granular packings exhibit rapid compaction at
short times, whereas slow dilation occurs at longer times
(see Fig. 1(b)). Because the variable-cell method enables
full tensorial evolution of strain while maintaining a con-
stant external stress, the temporal response of transverse
and axial strains at all times can be predicted (see in-
set of Fig. 1(b)). At short times the transverse tensile
3(b)
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FIG. 2. (a) Deviations in the compressive strain ǫxx along
a xy-plane at three times (left to right: t = 30τ1, 60τ1 and
100τ1) relative to a reference configuration at t = 20τ1 in
the slow regime. White and green circles indicate growing
regions of extensional and compressive strain respectively. (b)
Probability distributions of local compressive strains ǫxx. The
solid lines are Gaussian fits [inset: non-gaussian parameter α
at various time intervals]. (c) Spatial correlation function
of local deviatoric strain Cγ(r) for three time intervals (see
(a)) as a function of radial distance r normalized by the in-
sphere diameter dp of an octahedral grain [inset: normalized
correlation length ξ at various time intervals].
strain (ǫyy + ǫzz) is negligible, and rapid granular com-
paction is caused entirely by axial compression ǫxx. Dur-
ing slow creep the tensile transverse strain competes with
the compressive axial strain and results in slow dilation
within the packing. This prediction correlates well with
experimental observations during displacement pile setup
in dense sands—comprised of angular grains—in which
an initial volumetric contraction was followed by a long-
term kinematically restrained dilation [33].
Heterogeneous Micromechanics. To understand the
microscopic mechanisms that govern global creep re-
sponse, the complex spatio-temporal granular dynam-
ics were decomposed in terms of local structural rear-
rangements. A time-dependent local strain for grain
i was determined by the best-fit affine matrix Fi that
transforms the center-to-center vectors rij of n con-
tacting grains over a time step of ∆t by minimizing
D2i =
∑n
j=1 [rij (t+∆t)− Frij (t)]
2
[34] . A symmet-
ric Lagrangian strain tensor can then be calculated as
ǫi =
1
2
(
F
T
i Fi − I
)
. The remaining non-affine component
of motion D2i represents a component of the granular
motion in the system that is elastically irreversible.
In the regime of slow granular creep, a growing het-
erogeneity of the local strain field is observed. With a
reference configuration at t = 20τ1, we focus on the de-
viations of the uniaxial strain component ǫxx (parallel to
the global uniaxial strain) along a xy-plane of the pack-
ing and illustrate its distribution relative to the reference
configuration for t = 30τ1, 60τ1 and 100τ1 in Fig. 2(a).
The grains are color-coded based on the local uniaxial
strain. White and green circles indicate regions of ten-
sile and compressive uniaxial strain, respectively. We
observe that the regions of negative and positive strain
extend over many grains, and the spatial extent of these
regions grows with time. Furthermore, the regions of pos-
itive (negative) strain are more positively (negatively)
strained with the progress of time, as indicated within
the white (green) circles. These regions indicate zones of
large strain localization that are analogous to shear trans-
formation zones in other amorphous materials [22, 35].
The distribution of local strains broadens with time,
as shown in Fig. 2(b). Furthermore, the strain distribu-
tion becomes less Gaussian with time, as indicated by the
non-Gaussian parameter α(∆t) in the inset of Fig. 2(b).
This phenomenon is a signature of increasingly correlated
transformations wherein localized deformations are cou-
pled across multiple grains. To quantify this coupling,
we compute the spatial autocorrelation of local devia-
toric strain γ, defined as:
Cγ(∆r) =
〈γ(r +∆r)γ(r)〉 − 〈γ(r)〉2
〈γ(r)2〉 − 〈γ(r)〉2
, (4)
where angular brackets denote ensemble averages. As
shown in Fig. 2(c), as time progresses in the slow creep
regime, the local strains become more spatially corre-
lated with an increasing correlation length as indicated
in the figure inset. The correlation length is defined as
the radial distance at which the autocorrelation goes to
zero (denoted with dashed lines in the figure). This cor-
related deformation has been previously identified as a
signature of the elastic response of glassy materials to
local shear transformation zones [36] via stress redistri-
butions caused by Eshelby fields [37].
Evolution of Plastic Activity. To elucidate the corre-
lations between macroscale creep and local transforma-
tions, we quantify the temporal evolution of local dy-
namics at the grain scale by calculating the ensemble
average of local deviatoric strain rate 〈γ˙i〉, non-affine ve-
locity 〈D˙i〉 and rotational velocity 〈R˙i〉 as functions of
time. Granular rotation is quantified by the magnitude
of the rotation of a grain about its instantaneous axis of
rotation that is given by the cross product of unit vec-
tors that connect the grain centroid to a specific vertex
between consecutive time steps.
Fig. 3(a) shows that at short times, when the macro-
scopic dynamics are exponential (t≪ τ1), local mechan-
ical transformations are caused almost entirely by affine
elastic deformations in the packing, as indicated by large
4(a)
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FIG. 3. (a) Temporal evolution of the ensemble average of
local deviatoric strain rate 〈γ˙i〉 (black), non-affine velocity
〈D˙i〉 (green) and rotational velocity 〈R˙i〉 (red) as a function
of time. (b) Accumulated non-affine motion S(t) as a function
of global deviatoric strain γ(t) for four uniaxial compressive
stresses (see legend) and a jamming pressure P = 2 × 10−5.
The solid black lines are linear fits. Inset: Scatter plots of
the accumulated non-affine displacements divided by the ap-
plied uniaxial compressive stress for two different jamming
pressures. Red circles represent data from the main graph.
Blue rectangles represent data for P = 1× 10−4 and applied
uniaxial stresses: σext = 1 × 10
−7, 2 × 10−7, 3 × 10−7 and
4× 10−7.
shear strain rates and low non-affine and rotational ve-
locities. This result indicates that the early transfor-
mations are essentially elastic in nature with little irre-
versibility in the granular motion. However, as the gran-
ular packing transitions into the logarithmic slow creep
regime (t ∼ τ1), it experiences increased irreversibility
as evidenced by a decrease in local shear strain rates,
and an increase in the non-affine and rotational veloci-
ties. During long periods of slow creep (t≫ τ1), both the
elastic and non-affine contributions to local deformations
decay slowly as the system creeps towards a metastable
state. The close association between the growth of lo-
cal non-affine transformations and the evolution of slow
macroscopic creep indicates the presence of a causal re-
lationship.
This relationship was further explored by correlating
the temporal accumulation of squared non-affine dis-
placements with the temporal evolution of macroscopic
strain. Quantitatively, this accumulation at any time
t is computed as S(t) = S(t − ∆t) + 〈D2i (t−∆t, t)〉,
where the angular brackets denote the ensemble average
of D2i recorded between times t − ∆t and t. Fig. 3(b)
displays the relationship between cumulative non-affine
displacements and macroscopic creep strain. The rela-
tionship is linear (except at short times), and the slope
decreases with decreasing magnitude of applied uniaxial
stress. Furthermore, all the curves collapse to a single
linear curve when S(t) is divided by the applied stress τ
(see inset for two jamming pressures). This relationship
can be expressed as S(t) ∼ σextγ(t), and it reinforces the
evidence that local irreversible deformations play a dom-
inant role in the global creep process. We also note that
for granular systems, jamming pressure plays a crucial
role in plastic dissipation. From the inset of Fig. 3(b), the
scale of plastic dissipation per unit elastic relaxation is
larger in systems jammed under larger hydrostatic pres-
sure. This result is expected because the large elastic
modulus of highly jammed grains increases elastic cou-
pling between plastic events.
Lastly, we provide a mechanical definition for S(t) by
considering σextγ(t) to represent the elastic energy den-
sity released in the bulk during the creep relaxation pro-
cess at long times. In athermal systems, elastic energy
relaxation should be balanced by plastic dissipation in
the system. Therefore, S(t) represents the scale of plastic
dissipation density in the system that is driven by exter-
nal stress and manifests itself in the form of non-affine
granular displacements. External stress-facilitated accu-
mulation of non-affine displacements was also previously
demonstrated for thermally driven amorphous metallic
glass systems [35].
Conclusion. This letter identifies the internal struc-
tural transformations that govern the creep relaxation of
uniaxially compressed granular solids. A full tensorial
analysis of the system dynamics, enabled by a variable-
cell simulation method, provides constitutive prediction
of the temporal evolution of deviatoric and volumetric
strains at all scales. The simulations predict rapid uniax-
ial compression at short times followed by slow dilation
at long times. The accumulation of irreversible granu-
lar motion is proposed as a micromechanical explanation
for slow logarithmic creep and is directly correlated with
the plastic dissipation density within the system. Im-
portantly, a simplified mean-field dissipation model cap-
tures the slow logarithmic creep dynamics observed in
real granular solids [14] and glassy colloids [32], thereby
indicating a universality in the role of localized plasticity
during slow relaxation of amorphous solids. Future work
will focus on the effects of more complex grain shapes
and inter-granular friction on creep relaxation processes.
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EQUATIONS OF MOTION
In the main text, we defined the equations of motion of a granular system that is jammed at an external pressure P
and is subjected to a vanishingly low state of stress σext. Here, we give details about the derivation of these equations
from a Lagrangian formulation of the system dynamics. Because the periodic cell boundaries evolve dynamically
as a response to the external stress, a metric tensor g = hTh is introduced as a dynamical variable [1]. Here,
h = [a1,a2,a3], where a1 ,a2, and a3 are the Bravais lattice vectors that define the periodic cell. This metric tensor
is symmetric with 6 degrees of freedom, and the choice of this dynamical variable introduces rotational invariance in
the system dynamics. Because an infinite number of Bravais cell vectors can describe a periodic system, we choose a
simple and unique form of a symmetric cell matrix h = g1/2 [2]. The volume of the cell Ω is given by det(h). The
position ri of a grain i in the Cartesian space can be defined by its lattice coordinates in the metric space si as:
ri = hsi. The angular position of a grain i is defined by the rotation vector ωi.
Based on the formulations of Souza and Martins [1], we construct a Lagrangian from which the temporal equations
of motion of 6N + 6 generalized coordinates (3N granular translation [s] = (s1, s2, ..., sN ), 3N granular rotation
[ω] = (ω1,ω2, ...,ωN ) and 6 periodic cell degrees of freedom) are obtained. The total kinetic energy of the system is:
T =
1
2
N∑
i=1
mis˙i
Tgs˙i +
1
2
N∑
i=1
ω˙Ti Iiω˙i +
1
2
WcΩ
2Tr
(
g˙g−1g˙g−1
)
. (1)
Here, mi is the mass and Ii is the inertia tensor of grain i. The third term in the equation is a fictitious kinetic energy
of the periodic cell where Wc is a fictitious cell mass with units of mass times length
−4 [1]. ‘Tr’ represents the trace
of a matrix. The total potential energy of the system is:
V = Ug([s], [ω], g) + PΩ + Tr (σ˜extg) , (2)
with contributions from elastic granular forces and moments Ug([s], [ω], g) and elastic work done by external stress
on the periodic cell. The details of the calculation of the elastic forces and moments have been described previously
in [2]. The last two terms denote the work done by pressure P and external stress σext. In Eq. 2, σ˜ext is the external
stress tensor in lattice coordinates [2]. The Lagrangian of the system is thus defined as L = T − V .
A Rayleigh dissipation function D [3] that is employed to model the frictional dissipation forces described in the
main text is defined as:
D =
1
2
N∑
i=1
Dg
(
s˙i
T s˙i + ω˙i
T ω˙i
)
+DcTr(g˙
T g˙), (3)
where Dg and Dc and the dissipation constants associated with the motion of grains and periodic cell respectively.
Note that the dissipation is applied only to non-affine motion of the granular translation, as depicted in the first term
of the dissipation function. Recall that ri = hsi, and therefore the total velocity of a grain i is r˙i = hs˙i + h˙si. Here
the first term defines the fluctuating non-affine velocity of grain i in addition to the velocity contribution of the affine
homogenous system-level deformation defined in the second term. The Lagrangian equation of motion is given by:
d
dt
(
∂L
∂q˙
)
−
∂L
∂q
+
∂D
∂q˙
= 0, (4)
where q is the set of generalized coordinates. Therefore, the equation of translational motion of a grain i is:
migs¨i +mig˙s˙i +Dgs˙i = F˜
e
i , (5)
2where F˜ei = −
∂Ug
∂si
is the net elastic force on grain i in reciprocal lattice coordinates [1]. The equation of rotational
motion of grain i is given as:
Iiω¨i +Dgω˙i = M
e
i , (6)
where Mei = −
∂Ug
∂ωi
is the net elastic moment on grain i. Since the periodic cell is also represented as a dynamical
variable in the set of generalized coordinates, the Lagrangian equation for motion of the periodic cell is given as:
Wcg
−1g¨g−1 +
1
Ω2
Dcg˙ =
1
2Ω2
(σ˜int − σ˜app) +Wcg
−1
[
g˙g−1g˙ − Tr
(
g−1g˙
)
g˙
]
g−1 +
Wc
2
g−1Tr
(
g˙g−1g˙g−1
)
. (7)
Here, σ˜int = −
∂Ug
∂g is the internal stress tensor [2] in lattice coordinates. The lattice coordinates of the external stress
tensor σapp = σext + P I are expressed in the tensor σ˜app. The transformation of a stress tensor from Cartesian σ to
lattice coordinates σ˜ is expressed as [1]:
σ˜ = (deth)h−1σh−T , (8)
DIMENSIONAL ANALYSIS
A dimensionless contact stiffness number defined as κ = P/Y determines the softness of the granular system,
where P is the external jamming (confining) pressure. The limit κ → 0 represents the limit of hard grains, whereas
κ increases with increasing granular softness. The present simulations correspond to κ < 10−4 and therefore, the
system is assumed to contain hard grains.
An inertial relaxation time scale τgI =
√
m/ (κPa) and a dissipative relaxation time scale τgD = Dg/
(
κPa3
)
for
granular motion can be extracted from Eqs. 5 and 6 by considering that the energy of a grain-grain elastic contact
scales as U ∼ κPa3 for a harmonic overlap potential. In the present simulation of overdamped granular dynamics,
the limit τgI ≪ τ
g
D is assumed, and the equations of granular motion reduce to:
Dgs˙i = F˜
e
i and Dgω˙i = M
e
i . (9)
The global strain rate is calculated by measuring the deformation of periodic cell boundaries as described in Eq. 7.
In the limit of small applied external stress (below yield stress), two time scales corresponding to inertial relaxation
time of the periodic cell τcI =
√
Wca3/P and dissipative relaxation of the periodic cell τ
c
D = Dca/P can be extracted.
In the present simulations of overdamped dynamics, the limit τcI ≪ τ
c
D is assumed, and the equation of cell motion
reduces to:
Dcg˙ + (σ˜app − σ˜int) = 0. (10)
Based on this analysis, the time in the main text is normalized by τgD, and the dissipation constant for periodic cell
motion is prescribed as Dc = Dg/
(
κa4
)
.
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